Temporally disordered systems frequently exhibit complex intermittent dynamics accompanied by aging and weak ergodicity breaking. Here, we analyze the response behavior of temporally disordered dynamical processes by employing a functional representation. We find that the linear response to an external perturbation is history-dependent and explicitly calculate the response function for a sub-diusive tracer particle confined in a harmonic potential. Our results demonstrate that the linear response function inherits the aging and weakly ergodic properties of the process, which has crucial implications for the interpretation of experimental measurements.
Introduction
A common experimental method to study the dynamical behavior of a complex system is to measure its response to an external perturbation, e.g. by transport experiments. When the system is perturbed from equilibrium the response is a stationary quantity [1, 2] . Strongly disordered systems far from equilibrium, however, often exhibit nonstationary, intermittent dynamics that is accompanied by aging and weak ergodicity breaking, i.e. they exhibit temporal disorder [3] [4] [5] [6] . A concise theory that is able to predict the response behavior for these time-inhomogeneous systems has remained elusive, up to now. Motivated by recent single molecule tracking experiments that attributed the anomalous transport of molecules in living cells to temporal disorder caused by transient trapping events of random duration [7] [8] [9] , we here study the linear response of the corresponding stochastic process to an external force. Our approach is based on the classical response function formalism, pioneered by Martin Siggia and Rose [10] , Janssen [11] and De Dominicis [12] (MSRJD-approach) and includes temporal disorder by means of a stochastic process ( ) α t , which is equal to zero if the process is trapped and one otherwise. We show that the linear response is in general historydependent and provide a framework for its calculation. In particular, we obtain the analytical solution for the linear response function of a subdiusive continuous time random walk (CTRW) in a harmonic potential-the standard model to describe aging anomalous transport of molecules confined in a biological cell-and show how the response depends on the age of the system as well as on the averaging procedure. Our results suggest that response measurements, e.g. by applying the recently developed techniques to track and manipulate single molecules in living cells, can be used as a tool to unravel the microscopic mechanisms that give rise to anomalous kinetics and temporal disorder [13] . For convenience, we use the language of random walks but our approach is applicable to any system that has a mesoscopic description in terms of a Langevin or master equation in the limit of vanishing temporal disorder, i.e. for ( )
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Alternative formulation of CTRWs
A CTRW is defined as a random walk with additional temporal disorder [14] , with jumps being executed only at the events of an associated renewal process [15, 16] . If the waiting times T i of this renewal process are independent identically distributed (iid) positive random variables drawn from a waiting time distribution ( ) ψ T , then a counting process
can be defined which describes the number of events up to time t. The jumps of the CTRW, given by iid random variables r i , are assumed to be independent of (T i ) and the position of the CTRW after the nth jump is
where X 0 is the initial position of the walker. Using S t , the position of the particle after time t can be obtained as 
where the random variables ξ k are assumed to be random variables drawn from a Gaussian distribution with 
U t t
For general waiting times this result can be generalized to ⟨ ⟩ ( ) ( )
, where ( ) λ Φ is the so-called Laplace exponent, which depends on the precise form of the waiting time distribution and has to be a non-negative function with ( ) Φ = 0 0 and monotonically decreasing first derivative [17] . Similar to the diusion limit of a normal random walk, a non-trivial scaling limit for CTRWs exists, which is referred to as subordinated Brownian motion [18] . Here an operational time S(t) is defined as the scaling limit of the counting process
and called inverse subordinator. Defining the process ( ) α t as the scaling limit of the increment process ( ) ( ) ( )
one can obtain the Langevin equation describing subordinated Brownian motion in an external force-field as the scaling limit of equation (1) (
where ( ) ξ t is a Gaussian white noise with
Equation (2) provides an alternative to the commonly employed Fogedby description of subordinated Brownian motion in terms of a set of coupled Langevin equations [21] . Equation (2) has
J. Stat. Mech. (2016) 043210
the advantage that it only depends on the physical time t. Therefore it is particularly convenient to include time-dependent external forces and avoids the diculties that emerge when the Fogedby approach is used, see [19, 20] .
Functional representation of CTRWs
While Langevin equations are very useful to investigate stochastic processes numerically they are not very convenient for analytical calculations of response functions. Instead we employ a functional representation of the stochastic process by constructing a path integral reformulation of the Langevin equation following the ideas of [10] [11] [12] . To avoid complications that come with integrals of products of stochastic processes we start with the time-discrete Ito-Langevin process equation (1) . The goal of the functional approach is to find an expression for the expectation value of observables 
and write
where the Dirac-δ-distribution ensures that only those paths [q] are included that satisfy equation (1) . Here J is the determinant of the Jacobian { / } ∂ ∂ X q k j , which is equal to one for the Ito-discretization chosen above. Employing the Fourier representation
one obtains after averaging over the Gaussian white noise ξ
with the 'action'
where = − −k k k 1 is a shorthand notation for the lattice time derivative. In the scaling limit the functional description of subordinated Langevin equations is obtained 
0 , is carried out by using the multipoint distributions of the counting process
.
The generalization of equation (5) to higher-order correlation functions is straightforward. The multipoint structure of the counting process ( ) p S S , ..., n 0 is well-known and for the important case of heavy-tailed waiting time distributions has been obtained in [22] [23] [24] . Recently, these results were generalized to arbitrary waiting time distributions [17] . Thus, starting from the generating functional, the functional approach leads to the same expressions for correlation functions as the standard subordination procedure [15, 17, 21] .
Response function formalism
To quantify the response behavior, it is important to realize that an external force can perturb both, the waiting time statistics and the spatial motion. In systems with energetic disorder the anomalous behavior emerges due a sequence of trapping events in meta-stable energy wells, observed e.g. for charge carrier transport in amorphous materials [25] or blinking statistics of quantum dots [26] . In the presence of energetic disorder an external force deforms the energy landscape and hence changes the event statistics. On the other hand, if the temporal disorder can be attributed to a hierarchy of traps caused by intermittent binding events or spatial disorder, an external perturbation biases the spatial motion. Anomalous diusion due to transient immobilizations is observed, e.g. for potassium channels in the plasma membrane [7] and for lipid [8] and insulin granules [9] in cellular environments, where the traps correspond either to chemical binding events with a broad distribution of dissociation times or to cages of varying lifetimes. In systems with such a transient spatial immobilization a perturbing force [J ] will interact with the diusing particle only when it is released from the trap, which is quantified by the addition of a force term α J k k to the rhs of equation (1). Finally, in an experimental setup, in which the trap itself responds to the external forcing [J ], a force term J k has to be added to the rhs of equation (1) . In this case, the external forcing is decoupled from the diusion process and consequently such a setup
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is not suitable to infer information about the micoscopic dynamics of the system [20] . In the remainder we focus on the microscopic behavior observed in [7] [8] [9] and consider the response to a biasing external perturbation.
For the calculation of response functions it turns out to be useful to include the conjugate variable [ˆ] q into the definition of the generating function and consider
With this definition the term α J q i k k k can be interpreted as an additional external biasing force α J k k and we can use the standard trick to obtain the linear response function ( ) R t t , k l : Dierentiate the first moment ⟨ ⟩ q k with respect to the external perturbation J l and set J l = 0
and note that the rhs of this equation is just 
Equations (6)- (8) provide the basis to calculate the linear response of systems with temporal disorder and represent the central result of this work.
As a paradigmatic showcase we consider the standard model to study aging anomalous diusion of single molecules in cellular environments: a CTRW bounded by a harmonic potential ( ) γ = V1 2 2 . The anomalous diusion due to trapping events is modeled by the CTRW and the spatial confinement in the cell is approximated by the harmonic potential. Furthermore this model corresponds to the optical tweezers setup used in the in vivo experiments of Jeon et al to study the diusion of lipid granules in S. Pombe fission yeast cells, where the granules experience a Hookean restoring force when they move away from the center of the optical trap [8] . For heavy-tailed distributed trapping times, the model describes in the scaling limit the celebrated fractional Ornstein-Uhlenbeck process [27] .
Let us assume that the system is prepared such that the initial position of the particle is q 0 and that the experiment starts with an event, i.e. α = 1 0 . Inserting the harmonic potential into equation
, 1 . Performing the integrations in equation (6) one obtains
where the matrix G is the inverse of the matrix A with the entries represent the correlation function of the process. The response function is obtained by the procedure as outlined above
The presence of S˙j (again to be interpreted as the lattice derivative) shows that response functions cannot be obtained by simple subordination, i.e. in the form of equation (5). Furthermore, the response function is in general non-stationary and the response of a system will depend on the time since preparation. In the scaling limit, i.e. for a large number of trapping events, the response function reads
S t S t S (11)
This expression reduces to the response function of the Ornstein-Uhlenbeck for vanishing temporal disorder, i.e. 1, used to model the temporal disorder in [7] [8] [9] , the average in equation (11) can be evaluated explicitly by applying the methods developed in [17, 28] 
Here [ ] ⋅ δ E is the well-known Mittag-Leer function [15] . The factor ′ δ− t 1 accounts for the decay of the mobile fraction of particles that can still respond to an external perturbation-an eect that is referred to as population splitting [29] . The measured observable in transport experiments is the change of the mean position ⟨ ( )⟩ q t in response to an external force J(t), which is given by
where the first term on rhs accounts for the decay of the initial preparation. Due to the explicit time dependence of the equation (12) on ′ t the response function exhibits aging. As we demonstrate in figure 1 dierently aged but otherwise identical systems show significantly dierent responses to the same external force. Quantitative knowledge of the history of the process is thus crucial for the interpretation of transport experiments because the time elapsed since the preparation of the experiment t a has to be taken into account. Note that a similar age-dependent response behavior has been observed in
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relaxation experiments of spin glasses [30] . The linear response of the mean position of a free sub-diusive CTRW, obtained in [31] by generalized master equation methods, is recovered for the special case γ = 0.
In the evaluation of equation (11), we have tacitly assumed that the average over the counting process is taken over a large ensemble of realizations. However, the average can also be interpreted as a time-average over a few suciently long trajectories. While for ergodic processes the result will be the same, for aging systems the outcome depends on the averaging procedure [29, 32] . We can therefore conclude that the linear response of systems with scale-free temporal disorder is a weakly non-ergodic quantity that depends on the averaging procedure.
Conclusions and outlook
Our results suggest that response measurements can be extremely useful to disentangle the microscopic dynamics of temporally disordered systems, e.g. to identify the microscopic source of transient trapping events. It would also be interesting to see if our theory can be used to quantify the response and adaptation behavior of single neurons. Here, a history-dependent power-law response was observed that can be attributed at least partially to temporally disordered inactivation kinetics of slow sodium channels [33] . Finally, it is worth mentioning that equation (4) provides a powerful alternative approach to study stochastic processes with temporal disorder. In particular, in the description of rare events and large fluctuations and in the formulation of controlled perturbation expansions for non-linear processes, we expect the functional approach to be advantageous in comparison to approaches in terms of generalized Fokker-Planck equations and subordinated Langevin equations. The linear response of a process with scale-free temporal disorder depends on the age t a of the process. Here, the time evolution of the mean position ⟨ ( )⟩ q t (a.u.) of a sub-diusive CTRW in a harmonic potential that is perturbed by an external force ( ) ( ) = J t t cos starting at time t = 0 is displayed by using equation (13) . The three curves are plotted for CTRWs of dierent age t a but otherwise identical parameters (δ γ = = = q 0.5; 1; 0 0 ). Evidently the response becomes weaker the older the process is at the start of the perturbation.
